Abstract. We state and prove an extension of Connes's reconstruction theorem for commutative spectral triples to so-called Connes-Landi or isospectral deformations of commutative spectral triples along the action of a compact Abelian Lie group G. We do so by proposing an abstract definition for such spectral triples, where noncommutativity is entirely governed by a class in the second group cohomology of the Pontrjagin dual of G, and then showing that such spectral triples are well-behaved under further Connes-Landi deformation, thereby allowing for both quantisation from and dequantisation to G-equivariant abstract commutative spectral triples. We also construct a discrete analogue of the Connes-Dubois-Violette splitting homomorphism, which then allows us to conclude that sufficiently well-behaved rational Connes-Landi deformations of commutative spectral triples are almost-commutative in the general, topologically non-trivial sense.
Introduction
Just as one can deform the 2-torus along its translation action on itself to obtain the noncommutative 2-tori, whether as C * -algebras, Fréchet pre-C * -algebras, or spectral triples, so too can one deform topological spaces or smooth manifolds along a suitable action of an Abelian Lie group to yield nontrivially noncommutative topological spaces, viz, noncommutative C * -algebras, or nontrivially noncommutative manifolds, viz, noncommutative spectral triples, that are nonetheless close enough to the commutative case to permit detailed study. In the case of C * -algebras or Fréchet pre-C * -algebras, this process is Rieffel's strict deformation quantisation [39] , whilst in the case of spectral triples and compact Abelian Lie groups, this process is Connes and Landi's isospectral deformation [17] , which, following Yamashita [50] , we call Connes-Landi deformation. In fact, as was first observed by Sitarz [44] and Várilly [47] , Connes-Landi deformation can be viewed as none other than the adaptation to spectral triples of strict deformation quantisation along the action of a compact Abelian Lie group.
In this paper, we give a complete abstract characterisation of all spectral triples that arise as Connes-Landi deformations along the action of a compact Abelian Lie group G of spectral triples of the form (C ∞ (X), L 2 (X, E), D), where X is a compact oriented Riemannian G-manifold and D is a G-invariant symmetric Diractype operator on a G-equivariant Hermitian vector bundle E → X. In other words, we give an extension of Connes's reconstruction theorem for commutative spectral triples [15] to those spectral triples that are, a posteriori, Connes-Landi deformations of G-equivariant commutative spectral triples. We do so by proposing an abstract definition for such spectral triples that very closely resembles Connes's abstract definition of commutative spectral triple [14, 15] , except for the additional specification of a class θ in the second group cohomology of the Pontrjagin dualĜ of G that completely governs the noncommutativity of such a spectral triple-we call such spectral triples θ-commutative spectral triples-and then showing that the deformation of a θ 0 -commutative spectral triple by another cohomology class θ 0 is itself (θ 0 + θ)-commutative, thereby facilitating both quantisation from and dequantisation to G-equivariant commutative spectral triples. In addition, we construct a discrete analogue of the Connes-Dubois-Violette splitting homomorphism [16] , which we then use to show that sufficiently well-behaved rational θ-commutative spectral triples are, indeed, almost-commutative in the general, topologically nontrivial sense proposed by the author in earlier work [10, 11] , generalising the famous example of rational noncommutative 2-tori [25] . We begin in §2 by reviewing Rieffel's theory of strict deformation quantisation along the action of a compact Abelian Lie group [39] . First, we fix notation related to compact Abelian Lie groups and recall relevant facts about the second group cohomology of discrete Abelian groups with coefficients in the circle group T. Next, we recall the Peter-Weyl theory for equivariant Fréchet * -algebras and equivariant Fréchet modules over such algebras, which yields considerable simplifications throughout the sequel. Then, we review the strict deformation quantisation of Fréchet * -algebras along the action of a compact Abelian Lie group, expanding on Rieffel's own account [39, pp. 19-22] in the spirit of Abadie and Exel's Fell bundletheoretic approach [1] . We conclude with a detailed, constructive account of the deformation of equivariant finitely generated projective modules over equivariant Fréchet pre-C * -algebras, generalising standard results in the literature regarding the deformation of equivariant vector bundles over equivariant manifolds [8, 16] .
Next, in §3, we recall the general theory of Connes-Landi deformations or isospectral deformations, first constructed by Connes and Landi for T 2 -actions on concrete commutative spectral triples [17] and then extended by Yamashita to T 2 -actions on arbitrary regular spectral triples [50] . In short, if (A, H, D) is a G-equivariant regular spectral triple and if Θ ∈ Hom(Ĝ ⊗2 , T), then one can deform both A and its representation on H to yield a G-equivariant regular spectral triple (A Θ , H, D), its Connes-Landi deformation.
After reviewing the basics, we proceed to discuss unitary equivalences of ConnesLandi deformations. On the one hand, as is well-known in noncommutative-geometric folklore, a cohomology of bicharacters yields a natural G-equivariant unitary equivalence of Connes-Landi deformations, so that (A θ , H, D) is well-defined for θ ∈ H 2 (Ĝ, T) up to natural G-equivariant unitary equivalence. On the other hand, we associate to a G-equivariant spectral triple (A, H, D) a certain distinguished subgroup of Aut(G) that acts on the Connes-Landi deformations of (A, H, D) by nonequivariant unitary equivalence between the deformation by θ and the deformation byφ * θ, up to conjugation of D by an additional unitary. We then show that these two canonical classes of unitary equivalences exactly generalise the isomorphisms amongst the strict Morita equivalences of noncommutative n-tori parametrized by the densely-defined SO(n, n|Z)-action introduced by Rieffel and Schwarz [41] and studied by Elliott and Li [20] and by Venselaar [48] .
We conclude §3 by stating and proving a discrete analogue of Connes and DuboisViolette's splitting homomorphism [16, Theorem 6] , which can also be viewed as an adaptation-cum-generalisation of results by Olesen, Pedersen, and Takesaki for faithful ergodic W * -and C * -dynamical systems [36, Theorems 5.12, 6.3] . In short, we canonically associate to a class θ ∈ H 2 (Ĝ, T) a discrete group Γ θ and a class θ nd ∈ H 2 (Γ θ , T), such that the twisted group algebra S(Γ θ , θ nd ) is simple, and then realise a Connes-Landi deformation (A θ , H, D) as the noncommutative balanced Cartesian product over Γ θ of the undeformed spectral triple (A, H, D) with the metrically trivial spectral triple (S(Γ θ , θ nd ), L 2 (Γ θ ), 0). We will use this discrete splitting homomorphism in §4 to study rational Connes-Landi deformations of commutative spectral triples (see below).
Next, in §4, we finally state and prove our extension of Connes's reconstruction theorem for commutative spectral triples [15, Theorem 1.1] to Connes-Landi deformations of G-equivariant commutative spectral triples. First, by analogy with Connes's abstract definition of commutative spectral triple [14, 15] , we propose an abstract definition of spectral triples that, a posteriori, will be Connes-Landi deformations of G-equivariant commutative spectral triples, where noncommutativity is entirely governed by a class θ ∈ H 2 (Ĝ, T) through its canonically associated alternating bicharacter ι (θ) ∈ Hom(∧ 2Ĝ , T). (4) Finiteness and absolute continuity: The subspace H ∞ := ∩ k Dom|D| k defines an finitely-generated projective right G-A-module that admits a Gequivariant Hermitian metric ( · , · ), satisfying ∀ξ, η ∈ H ∞ ξ, η = Tr ω R ((ξ, η)) (D 2 + 1)
where Tr ω is a fixed Dixmier trace. (5) Strong regularity: For all T ∈ End A op (H ∞ ), T ∈ ∩ k Dom(ad|D|) k .
Observe, in particular, that a 0-commutative spectral triple is precisely a G-equivariant commutative spectral triple. We then state the main technical theorem of this paper, which both guarantees that Connes-Landi deformations of G-equivariant commutative spectral triples do, indeed, satisfy our proposed abstract definition, and yields the promised extension of Connes's reconstruction theorem by facilitating dequantisation of such spectral triples to commutative spectral triples. This result, whose statement and proof require only our abstract definition and the general machinery of strict deformation quantisation and Connes-Landi deformation recalled in § §2-3, yields an abstract generalisation of the seminal results of Connes and Landi [17, Theorem 6] and of Connes and Dubois-Violette [16, Theorem 9] on deformations of concrete, viz, explicitly differential-geometric, commutative spectral triples along torus actions. Now, observe that if (A, H, D) is θ-commutative, then (A −θ , H, D) is 0-commutative and thus commutative simipliciter by Theorem 1.2. Hence, Connes's reconstruction theorem for commutative spectral triples and Theorem 1.2 immediately yield our extension of the reconstruction theorem. Theorem 1.3. Let (A, H, D) be a p-dimensional θ-commutative spectral triple. There exist a compact p-dimensional oriented Riemannian G-manifold X and a G-equivariant Hermitian vector bundle E → X such that
where D is identified with a G-invariant symmetric Dirac-type operator on E.
We conclude §4 by specialising to two cases of particular interest: deformations along ergodic G-actions and rational deformations. On the one hand, a Gequivariant spectral triple with faithful ergodic G-action on the algebra admits at most one θ ∈ H 2 (Ĝ, T) making it θ-commutative, in which case it is necessarily the Connes-Landi deformation of the commutative spectral triple defined by a translation-invariant symmetric Dirac-type operator on G. In particular, we show that the spectral triples associated by Gabriel and Grensing [23] to ergodic actions of a compact Lie group on unital C * -algebras are, in our case of G Abelian, necessarily Connes-Landi deformations of commutative spectral triples defined by twistings of the spin Dirac operator for the trivial spin structure on G by a finitedimensional unitary representation of G. On the other hand, if θ is rational in the sense that the canonically associated discrete group Γ θ is finite, e.g., if θ ∈ Q/Z for θ ∈ H 2 ( T 2 , T) ∼ = T, then any θ-commutative spectral triple (A, H, D) such that Γ θ acts properly on A is almost-commutative in the general, topologically non-trivial sense first proposed by the author [10, 11] and observed in a concrete gauge-theoretic context by Boejinink and Van Suijlekom [7] , with immediate implications for the computation of the spectral action. In fact, this result directly generalises Høegh-Krohn and Skjelbred's now-folkloric characterisation of rational noncommutative 2-tori [25] , and can also be viewed as an adaptation-cum-generalisation of results by Olesen, Pedersen, and Takesaki for faithful ergodic W * -and C * -dynamical systems [36, Theorems 5.14, 6.3] .
Finally, in §5, we offer a detailed, constructive proof of Theorem 1.2, making extensive use of the machinery of §2 concerning the deformation of equivariant finitely-generated projective modules as well as our discussion of Connes-Landi deformation in § 3. In particular, our proof that Connes-Landi deformation preserves orientability, which can be viewed as a distillation of an argument of Connes and Dubois-Violette involving deformed differential calculi [16, Proposition 3, Proof of Theorem 9], yields a direct generalisation of the standard construction of orientation cycles on noncommutative tori [24, pp. 546-7 ].
An extremely preliminary version of these results appeared in the author's doctoral dissertation [12, Chapter 7] , which is now completely superseded by this paper.
Strict deformation quantisation
As Sitarz [44] and Várilly [47] first observed, one can identify Connes-Landi deformation sensu stricto [17] with Rieffel's strict deformation quantisation [39] along a T 2 -action, as applied to spectral triples. We therefore begin with an overview of strict deformation quantisation along the action of a compact Abelian Lie group [39, pp. 19-22] , paying particular attention to the deformation of Gequivariant finitely-generated projective modules.
2.1. Group-theoretic preliminaries. We begin by reviewing some basic facts about compact Abelian Lie groups and their Pontrjagin duals that will be used throughout our discussion of strict deformation quantisation.
First, let us denote the additive and multiplicative avatars of the circle group by
respectively, which are isomorphic via the complex exponential e :
For N ∈ N, we denote the flat N -torus R N /Z N by T N , so that exp :
N is the quotient map; unless stated otherwise, T N will be endowed with the flat Riemannian metric induced by the standard inner product on R N . Next, let G be a compact Abelian Lie group with Lie algebra g := Lie(G). Fix a bi-invariant Riemannian metric g on G, let · , · := g 0 (·, ·) denote the induced real inner product on g = T 0 G, and define the Casimir element Ω G ∈ S 2 g for G by
where {v 1 , . . . , v N } is any orthonormal basis of g. Now, letĜ := Hom cts (G, T) = Hom C ∞ (G, T) denote the Pontrjagin dual of G, which is, therefore, a finitely-generated discrete Abelian group; by abuse of notation, let · , · :Ĝ × G → T denote the pairing ofĜ with G. Observe that for any x ∈Ĝ, its differential x * : g = Lie(G) → Lie(T) = R defines an element of
The assignment x → x * defines a homomorphismĜ → g * ∼ = g, allowing us, in turn, to define a length | · | :Ĝ → [0, +∞) on the discrete groupĜ by ∀x ∈Ĝ, |x| := x * , x * ; one can then check thatĜ has rapid decay and polynomial growth of order dim g with respect to | · |. Finally, let us recall some pertinent facts about the second group cohomology of discrete Abelian groups, which we will later apply toĜ. Let Γ be a discrete Abelian group. For convenience, let B(Γ) := Hom(Γ ⊗2 , T) denote the Abelian group of all T-valued bicharacters on Γ, and let A(Γ) := Hom(∧ 2 Γ, T) denote the subgroup of all alternating bicharacters.
Recall that a multiplier or 2-cocycle on Γ is a map M :
in particular, any bicharacter Θ ∈ B(Γ) defines a multiplier. The set of all multipliers on Γ defines an Abelian group by pointwise addition and admits the automor-
Now, two multipliers M 1 and M 2 are defined to be cohomologous, written
the second group cohomology of Γ, then, is defined to be the Abelian group
By the following Theorem, however, we can work exclusively with bicharacters:
Theorem 2.1 (Kleppner [30, Theorem 7.1] ). Let Γ be a discrete Abelian group. Any multiplier M :Ĝ ×Ĝ → T is cohomologous to some bicharacter, and any bicharacter Θ ∈ B(Γ) is cohomologous to 0 if and only if it is symmetric, viz, if and only if Θ = Θ T . Hence,
Moreover, the antisymmetrisation operation B(Γ) → A(Γ) defined by Θ → −Θ+Θ T descends to an isomorphism ι :
Remark 2.2. The full statement of Kleppner's result, which concerns the second Moore group cohomology of a much larger class of locally compact Abelian topological groups, only yields injectivity of the map ι. However, in the case of discrete Abelian groups, Moore group cohomology coincides with ordinary group cohomology with coefficients in the trivial Γ-module T, so that ι is indeed surjective [26, Proof of Theorem 2].
is defined by the commutation relations V U = e 2πiθ U V , where e 2πiθ = e (ι (θ)(e 1 , e 2 )).
2.2.
Peter-Weyl theory on G-equivariant Fréchet * -algebras and modules. Fix a compact Abelian Lie group G. We now simplify our later discussion of strict deformation quantisation and Connes-Landi deformation by reviewing the PeterWeyl theory of G-equivariant Fréchet * -algebras (cf. [1, §4] ) and G-equivariant Fréchet modules over such algebras, which is effected through the construction of suitably-defined Fourier transforms. Let us begin by fixing terminology and notation.
Definition 2.5. A Fréchet * -algebra is a Fréchet space A endowed with the structure of a * -algebra, such that the multiplication A × A → A and the involution * : A → A are continuous. In particular, a Fréchet pre-C * -algebra is a Fréchet * -algebra A endowed with a continuous injective * -homomorphism A ֒→ A into a C * -algebra A, such that the image of A in A is dense and is closed under the holomorphic functional calculus. Remark 2.6. We consider only unital Fréchet * -algebras. Definition 2.7. A Fréchet G- * -algebra is a pair (A, α), where A is a unital Fréchet * -algebra and α : G → Aut(A) is a strongly smooth action of G on A by isometric * -automorphisms. If A is a Fréchet pre-C * -algebra, then we call (A, α) a Fréchet pre-G-C * -algebra.
Example 2.8. Let X be a compact G-manifold with G-action σ : G → Diff(X), and define α :
Example 2.9. On the one hand, C ∞ (G), endowed with the G-action induced by the translation action on G itself, defines a Fréchet pre-G-C * -algebra with C * -completion C(G). On the other hand, the rapid decay algebra
of the discrete groupĜ with respect to the length | · |, endowed with the seminorms ∀k ∈ N, ∀f ∈ S(Ĝ),
the convolution product and the * -operation
and the G-action
defines a Fréchet pre-G-C * -algebra with C * -completion C * (Ĝ) = C * r (Ĝ). For the remainder of this subsection, let A be a fixed Fréchet G- * -algebra A with G-action α : G → Aut(A), and let us denote its set of defining seminorms by
Now, since the action α of G on A is strongly smooth, it induces an action α * : g → Der(A) of g on A by everywhere-defined * -derivations, defined by
since g is Abelian, α * extends to an representation Sg → B(A) of the symmetric tensor algebra Sg on A by everywhere-defined C-linear operators. In particular, the Casimir element Ω G ∈ S 2 g of G acts as a continuous C-linear operator ∆ G := (α * ) ΩG on A, which one can use (cf. [50, p. 255] ) to define additional seminorms
Since the G-action on A is smooth, A remains complete in these additional seminorms, so that, as a technical convenience, we can freely modify the Fréchet topology on A to encode the smoothness of the G-action.
Definition 2.10 (Yamashita [50, pp. 255-6] ). Let (A, α) be a Fréchet G- * -algebra. Then (A ∞ , α) is the Fréchet-G- * -algebra defined by A endowed with the larger set of seminorms { · j,k } j,k∈N and the same G-action α.
We now use the G-action on A to endow the algebra A with aĜ-grading. For each x ∈Ĝ, the x-isotypic subspace of A is defined to be the closed subspace (2.4)
one can interpret A x as the subspace of degree x homogeneous elements of A. The isotypic subspaces of A are linearly independent and satisfy the relations ∀x, y ∈Ĝ, A x A y ⊆ A x+y , A * x ⊆ A −x , and by the general Peter-Weyl theorem for topological vector spaces [9, Theorem 5.7] ,
Example 2.11. On the one hand, by construction, S(Ĝ) x = Cδ x for each x ∈Ĝ, where δ x denotes the Kronecker delta supported at x. On the other hand, by classical harmonic analysis, C ∞ (G) x = CU x for each x ∈Ĝ, where
Remark 2.12. ThisĜ-grading of A can be interpreted as a "Fréchet * -algebraic bundle" or "smooth Fell bundle" {A x } x∈Ĝ →Ĝ overĜ (cf. [21; 22, Chapter viii]); in particular, by the above example, S(Ĝ) and C ∞ (G) can be viewed as defining trivial "smooth Fell bundles" overĜ.
Given theĜ-grading on A, we can construct a Fourier transform on A as follows. For each x ∈Ĝ, define a contractive linear map
where dt denotes the normalised bi-invariant Haar measure on G; the contraction F 0 , in particular, is simply the canonical conditional expectation A ։ A 0 = A G . One can check that the F x satisfy the relations:
and so may be interpreted as "orthogonal" projections onto the isotypic subspaces. Now, for a ∈ A and x ∈Ĝ, the element F x (a) can be interpreted as the degree x Fourier coefficient of a; we can now bundle these Fourier coefficients into a Fourier transform as follows.
Definition 2.13. We define a section of A to be a function s :Ĝ → A such that s(x) ∈ A x for all x ∈Ĝ. In particular, we define the Fourier transform of a ∈ A to be the sectionâ of A constructed as follows:
Remark 2.14. A section of A can be interpreted as a section of the "smooth Fell bundle" {A x } x∈Ĝ →Ĝ overĜ.
Next, let us construct a suitable algebra of Fourier series. Let us call a section s of A rapidly decaying if it satisfies
The C-vector space S(Ĝ; A) of all rapidly decaying sections of A defines a unital * -algebra via the convolution product and * -operation
where absolute convergence of each s 1 s 2 (x) is guaranteed by the rapid decay of s 1 and s 2 . Since the isotypic subspaces of A are closed, the standard proof that the algebra S(Ĝ) is a Fréchet pre-C * -algebra (cf. [27] ), mutatis mutandis, together with the fact that the A x are closed, implies that S(Ĝ), in fact, defines a Fréchet * -algebra.
Proposition 2.15. The unital * -algebra S(Ĝ; A), endowed with the seminorms · k,l defined by Equation 2.7, is a Fréchet G- * -algebra, with G-actionα defined by ∀t ∈ G, ∀s ∈ S(Ĝ; A), ∀x ∈Ĝ,α t (s)(x) := e ( x, t ) s(x).
Remark 2.16. If the Fréchet G- * -algebra A is viewed as a "smooth Fell bundle," then S(Ĝ; A) can be viewed as its "smooth cross-sectional algebra" (cf. [22, §viii.5] ). Example 2.17. As we have already seen, for each x ∈Ĝ, S(Ĝ) x = Cδ x and C ∞ (G) x = CU x , where δ x denotes the Kronecker delta supported at x, whilst U x := e • x : G → U (1). Hence, one can define canonical isomorphisms iĜ :
Thus, S(Ĝ; A), in general, can be interpreted as the rapid decay algebra ofĜ with coefficients in theĜ-graded algebra A, where A = S(Ĝ) and A = C ∞ (G), which are G-equivariantly isomorphic by the usual Fourier transform, can be viewed as yielding trivial coefficients. Now, we can show that S(Ĝ; A) is precisely the algebra of Fourier transforms of elements of A, so that A ∋ a →â indeed defines a well-behaved Fourier transform. In other words, we obtain a Peter-Weyl decomposition A = ⊕ x∈Ĝ A x of A as a "rapidly decaying" direct sum of isotypic subspaces. 
Then, if a ∈ A, then for any k, l ∈ N, and for all x ∈Ĝ, since F x is contractive,
and hence a ∈ S(Ĝ; A), with F : a → a continuous, as was claimed. One can then check directly that F defines a G-equivariant * -homomorphism. Next, let us show that s →š yields a well-defined map E : S(Ĝ; A) → A. Let s ∈ S(Ĝ, A); we claim that
so thatš is absolutely convergent in A; one can then readily check that E is a Gequivariant algebraic * -homomorphism, that F •E acts as the identity on sequences in S(Ĝ; A) of finite support, which are dense in S(Ĝ; A), and that E • F acts as the identity on ⊕ alg x∈Ĝ A x , which is dense in A. Hence, E defines an algebraic inverse to F , so that by the bounded inverse theorem for Fréchet spaces, E = F −1 is continuous and F indeed defines a G-equivariant topological * -isomorphism.
As a consequence of this machinery, one can therefore freely write
with absolute convergence in A.
Finally, let us sketch the analogous Peter-Weyl theory for G-equivariant Fréchet modules. Once more, let us begin by fixing terminology and notation.
Definition 2.20. Let A be a Fréchet * -algebra. A (right) Fréchet A-module is a Fréchet space E together with the algebraic structure of right A-module, such that the right A-module structure
is continuous. In particular, a Hermitian Fréchet A-module is a Fréchet A-module E endowed with a Hermitian metric, viz, a continuous map ( · , · ) : E × E → A satisfying the following properties:
(1) For all ξ, η 1 , η 2 ∈ E and a 1 , a 2 ∈ A, (ξ,
In particular, a Hermitian Fréchet G-A-module is Fréchet G-A-module E together with a Hermitian metric ( · , · ) : E × E → A making E into a Hermitian Fréchet A-module, such that
Example 2.22. Let X be a compact G-manifold and let E → X be a G-equivariant vector bundle. Then the Fréchet space C ∞ (X, E) of smooth global sections of E defines a Fréchet G-C ∞ (X)-module. If, moreover, the vector bundle E → X is endowed with a G-equivariant Hermitian metric, then
Again, we are free to enrich the Fréchet topology on a Fréchet G-A-module E with the additional seminorms defined by Equation 2.7, mutatis mutandis, so that E remains a Fréchet G-A ∞ -module. Now, just as in the case of Fréchet G- * -algebras, a (Hermitian) Fréchet G-Amodule E admits a Peter-Weyl decomposition into isotypic components, so that one can define a (Hermitian) Fréchet G-S(Ĝ; A)-module S(Ĝ, E) by
endowed with the seminorms ∀j, k ∈ N, ∀s ∈ S(Ĝ, E),
the right S(Ĝ; A)-module structure ∀s ∈ S(Ĝ; E), ∀â ∈ S(Ĝ; A), ∀x ∈Ĝ, (s ⊳â) (x) := y∈Ĝ s(x − y) ⊳â(y),
and, if E is Hermitian, the Hermitian metric
as a result, one can again construct a Fourier transform F : E → S(Ĝ; E), ξ →ξ, which defines a G-equivariant topological isomorphism satisfying
and, if E is Hermitian, ∀ξ, η ∈ E, (ξ,η) = (ξ, η), so that E admits a well-behaved Peter-Weyl decomposition as a "rapidly decaying" direct sum E = ⊕ x∈Ĝ E x of isotypic subspaces. As a consequence, one can therefore freely write
with absolute convergence in E and A, respectively. Analogous results hold for left Fréchet G-A-modules.
2.3.
Deformation of Fréchet G- * -algebras. We now turn to strict deformation quantisation of Fréchet G- * -algebras, expanding on Rieffel's account [39, pp. 19-22] in the spirit of Abadie and Exel's Fell bundle-theoretic approach [1] .
Fix a Fréchet G- * -algebra (A, α); for notational convenience, by A we shall always mean A ∞ with its expanded family of seminorms. Let Θ ∈ B(Ĝ). First, recall that the twisted rapid decay algebra S(Ĝ, Θ) is defined to be S(Ĝ) as a Gequivariant Fréchet space, endowed with the twisted convolution product and twist * -operation
one can then check that S(Ĝ, Θ) remains a Fréchet pre-G-C * -algebra (see Chatterji's appendix to [34] ). Analogously, one can define a unital * -algebra S(Ĝ, Θ; A) by endowing the G-equivariant Fréchet space space S(Ĝ; A) with the deformed convolution product and * -operation
where absolute convergence of each (s 1 ⋆ Θ s 2 )(x) is guaranteed by the rapid decay of s 1 and s 2 . The proof that the twisted group algebra S(Ĝ, Θ) is a Fréchet * -algebra, mutatis mutandis, together with the fact that the isotypic subspaces A x are closed, shows that S(Ĝ, Θ; A), endowed with the same seminorms and G-action as S(Ĝ; A), is a Fréchet G- * -algebra. Moreover, since S(Ĝ, Θ; A) = S(Ĝ; A) as G-equivariant Fréchet spaces, by construction, it follows that the Fourier transform yields a * -preserving G-equivariant topological isomorphism F : A ∞ → S(Ĝ, Θ; A) of Fréchet spaces. Thus, we can deform A simply by pulling back the deformation of S(Ĝ; A) to S(Ĝ, Θ; A).
, where A Θ = A as Fréchet G-spaces with the deformed multiplication and * -operation
Remark 2.24. If Θ is antisymmetric, as in the standard construction of noncommutative tori in the operator-algebraic literature, then the deformed * -operation is identical to the undeformed * -operation.
Remark 2.25. Let X be a compact G-manifold and let P = m k=1 X k ∧ Y k ∈ ∧ 2 g. On the one hand, the constant bivector field P canonically defines a G-invariant
On the other hand, P canonically defines an alternating bicharacter Θ P ∈ A(Ĝ) by
Then {C ∞ (X) Θ P } >0 does indeed define a strict deformation quantisation of the Poisson algebra (C ∞ (X), P ) in the mathematical-physical sense discussed by Rieffel [39] . This construction readily yields the following properties of strict deformation quantisation:
Proposition 2.26. Let (A, α) be a Fréchet G- * -algebra and let Θ ∈ B(Ĝ).
(
Proof. The first two points follow immediately by construction, but the last point requires some clarification.
op , and (A op ) Θ T , respectively. Then for any isotypic elements a x ∈ A x and b y ∈ A y of A,
which implies the general result by Proposition 2.18.
In fact, it is straightforward to check that strict deformation quantisation is functorial in the following precise sense:
Now, suppose that A is commutative, and let Θ ∈ B(Ĝ) be a representative of θ ∈ H 2 (Ĝ, T). Then for any isotypic elements a x ∈ A x , b y ∈ A y of A,
Thus, the deformed algebra A Θ satisfies the following group-cohomological condition, which directly generalises the commutation conditions that define noncommutative tori in the operator-algebraic literature:
This condition will form the algebraic heart of our abstract definition of θ-commutative spectral triple.
, and define α :
by Θ, identified with any lift to a skew-symmetric real matrix.
Observe that If A is commutative and Θ, Θ ′ ∈ B(Ĝ) are cohomologous, then A Θ and A Θ ′ are both θ-commutative for θ :
In fact, even when A is non-commutative, the algebras A Θ and A Θ ′ are, necessarily, isomorphic.
Proof. By Proposition 2.26. (2) and Proposition 2.27, it suffices to prove that A Θ is G-equivariantly * -isomorphic to A whenever [Θ] = 0, i.e., whenever Θ is symmetric.
Suppose that [Θ] = 0, so that there exists some T :Ĝ → T such that Θ = dT , where dT (x, y) := T (x)+T (y)−T (x+y) for all x, y ∈Ĝ; observe, in particular, that
where F denotes the Fourier transform A ∼ → S(Ĝ; A) and A Θ ∼ → S(Ĝ, Θ; A); by construction, ψ T is a G-equivariant bicontinuous linear map. However, for all isotypic elements a x ∈ A x and b y ∈ A y of A,
Remark 2.32. In fact, for any fixed
Hence, up to (natural) G-equivariant isometric * -isomorphism, one can define A θ for θ ∈ H 2 (Ĝ, T) by A θ := A Θ for any Θ ∈ θ; in particular, we recover the standard construction of the twisted rapid decay algebra S(Ĝ, θ), viewed as twisted by the cohomology class θ, by S(Ĝ, θ) := S(Ĝ, Θ) for any Θ ∈ θ.
Deformation of G-equivariant Fréchet modules.
Finally, let us turn to the deformation of G-equivariant Fréchet modules. Let (A, α) be a fixed Fréchet G- * -algebra.
Let E be a (Hermitian) Fréchet G-A-module and let Θ ∈ B(Ĝ). On the one hand, observe that we can deform the Fréchet G-S(Ĝ; A)-module S(Ĝ; E) into a Fréchet G-S(Ĝ, Θ; A)-module S(Ĝ, Θ; E) by defining S(Ĝ, Θ; E) := S(Ĝ; E) as a G-equivariant Fréchet space, except endowed with the right A Θ -module structure ∀s ∈ S(Ĝ, Θ; E), ∀â ∈ S(Ĝ, Θ; A), ∀x ∈Ĝ,
On the other hand, recall the Fourier transform F : E → S(Ĝ; E) defines a (Hermitian metric-preserving) G-equivariant bicontinuous linear map intertwining the A-module structure on E with the S(Ĝ; A)-module structure on S(Ĝ; E). Hence, we can deform E into a Fréchet G-A Θ -module E Θ as follows.
, where E Θ := E as G-equivariant Fréchet spaces, endowed with the right A Θ -module structure (2.17)
if, moreover, E is Hermitian, then E Θ is endowed with the G-equivariant A Θ -valued Hermitian metric
Remark 2.34. In Equation 2.18, one might have expected coefficients of the form Θ(x−y, y) instead of the coefficients Θ(x−y, x) that do appear. Observe, however, that
where the term Θ(−x + y, −x + y), which vanishes when Θ is antisymmetric, is needed to ensure that ( · , · ) Θ remains sesquilinear with respect to the * -operation on A Θ .
This construction readily yields the following properties of deformation of Gequivariant modules. Proposition 2.35. Let (A, α) be a Fréchet G- * -algebra, let E be a Fréchet G-Amodule, and let Θ ∈ B(Ĝ).
Again, it is also straightforward to check deformation of G-equivariant modules is functorial in the following precise sense. Proposition 2.36 (Brain-Landi-Van Suijlekom [8, §2] ). Let A be a Fréchet G- * -algebra and let Mod G (A) denote the category of Fréchet G-A-modules and Gequivariant continuous A-module homomorphisms. Let Θ ∈ B(Ĝ). Then the assignment
Moreover, just as cohomologous bicharacters Θ, Θ ′ ∈ B(Ĝ) yield isomorphic strict deformation quantisations A Θ and A Θ ′ , so too do they yield isomorphic deformations E Θ and E Θ ′ . Proposition 2.37. Let A be a Fréchet G-algebra, let Θ, Θ ′ ∈ B(Ĝ), and let E be a Fréchet G-A-module. Suppose that Θ ∼ Θ ′ , let T :Ĝ → T be such that Θ ′ − Θ = dT , and let ψ T : A Θ → A Θ ′ be the G-equivariant topological * -isomorphism of Proposition 2.31. Then there exists a G-equivariant isomorphism of Fréchet spaces
Proof. By precise analogy with the construction of ψ T in the proof of Proposition 2.31, define
It then suffices to apply the proof of Proposition 2.31, mutatis mutandis, to Ψ T .
Let us now focus our attention on finitely-generated projective modules, which, by the Serre-Swan theorem, generalise vector bundles in noncommutative geometry. Our goal is to show that if a Fréchet G-A-module E is finitely generated and projective, then so too is the Fréchet G-A Θ -module E Θ . As a technical convenience, we shall make the following assumption about A, which will hold in the case of interest.
Assumption 2.38. In what follows, A is assumed to be a unital Fréchet pre-G-C * -algebra, such that for any Θ ∈ B(Ĝ), the algebra A Θ is also a Fréchet pre-G-C * -algebra. Now, recall that a finitely generated projective right A-module E admits a canonical Fréchet topology, which is induced by any inclusion of E as a complementable subspace of A N for some N ∈ N. One can therefore make the following definition. . We define a f.g.p. G-A-module to be a finitely generated projective right A-module E together with a strongly continuous,
In particular, we define a Hermitian f.g.p. G-A-module to be a f.g.p. G-A-module together with a Hermitian metric ( · , · ) :
Remark 2.40. Under this definition, an f.g.p. G-A-module is necessarily a Fréchet A-module but is not, a priori, a Fréchet G-A-module, since the G-action is only assumed to be strongly continuous. We shall now see, however, that the G-action on an f.g.p. G-A-module is necessarily strongly smooth.
Under our technical assumption on A, one can prove the following crucial characterisation of G-A-modules as direct summands of free G-A-modules.
where V is a finite-dimensional representation of G and e ∈ (B(V ) ⊗ A)
G is an idempotent; in particular, the G-action on E is necessarily strongly smooth. If, in addition, E is Hermitian, then one can take the representation V to be unitary, the idempotent E to be an orthogonal projection, and the isomorphism ψ : E ∼ → e(V ⊗A) to be unitary, in the sense that
Proof. The proof of the C * -algebraic version of this result [4, §11.2; 37, §2.2] carries over mostly unchanged; we shall sketch the argument with an emphasis on necessary changes.
Let ι : E ֒→ A N be an inclusion of E as a complementable subspace of A N for some N ∈ N, thereby defining the Fréchet topology on E, and let {ξ 1 , . . . , ξ N } be a set of generators for E qua A-module, defining a continuous left inverse T :
showing that {η 1 , . . . , η N } generate E is equivalent to showing that T ′ is surjective. Now, by construction,
, and hence, by injectivity of ι, that T ′ is indeed surjective. From this point, the argument proceeds, mutatis mutandis, exactly as in the C * -algebraic case. One uses the convolution action of
By the argument above, {η 1 , . . . , η N } also generates E as an A-module, so that
is a G-equivariant surjective A-module homomorphism. By projectivity of E, it admits a right inverse ψ 0 : A → E, so that we can define ψ :
and hence e ∈ (B(V ) ⊗ A) G by e := ψ • ϕ. Finally, suppose that E is Hermitian with Hermitian metric ( · , · ). Choose a G-invariant inner product · , · on V , which induces a Hermitian metric on V ⊗ A by
By the holomorphic functional calculus on End
Since an f.g.p. G-A-module E is necessarily a Fréchet G-A-module, we may deform it by any Θ ∈ B(Ĝ) to obtain a Fréchet G-A Θ -module E Θ ; the following proposition, then, shows that E Θ is indeed an f.g.p. G-A Θ -module. Proof. First, suppose that E is free of rank 1, so that by Lemma 2.41, we may identify E with Cv x ⊗ A for some x ∈Ĝ, where Cv x denotes C qua representation space of x with fixed basis vector v x ; in particular,
Since E x+y = Cv x ⊗ A y for all y ∈Ĝ, it follows that
However, for all a, b ∈ A,
Next, suppose that E is free, so that we can take E = V ⊗ A for π : G → U (V ) a finite-dimensional unitary G-representation. Since G is compact Abelian, we can find an orthonormal basis {v 1 , . . . , v N } of V and {x 1 , . . . , x N } ∈Ĝ, such that
Cv k ⊗ A is a decomposition of the free G-A-module V ⊗ A into a finite direct sum of rank 1 free G-A-modules. In light of the special case above, one can therefore check that S :
Finally, let us consider the general case, so that we can take
and hence S restricts to a G-equivariant unitary isomorphism
Remark 2.43. The proof we give is not the standard proof in the literature. Instead, Connes and Dubois-Violette's own proof uses the splitting homomorphism [16, Theorem 6] together with, mutatis mutandis, Julg's proof [28] that for G a compact topological group, G-equivariant K-theory is isomorphic to the K-theory of the corresponding crossed products by G.
In fact, we can exploit this proof to effect the deformation of f.g.p. G-A-modules directly at the level of projections.
Corollary 2.44. Let π : G → U (V ) be finite-dimensional unitary G-representation and let Θ ∈ B(Ĝ). Let {v 1 , . . . , v N } be an orthonormal basis for V consisting of eigenvectors for the G-action, let x 1 , . . . , x N ∈Ĝ be characters such that π t (v k ) = e ( x k , t ) v k for all 1 ≤ k ≤ N and t ∈ G, and let S :
The rest then follows by the proof of Proposition 2.42. 
Proof. By Proposition 2.41, End A (E) is a Fréchet pre-G-C * -algebra, whilst E can be viewed as a Fréchet G-End A (E)-module as well as a Hermitian G-A-module.
When deforming E to a Hermitian G-A Θ -module E Θ one can also independently deform the Fréchet G-End A (E)-module structure to a Fréchet G-End A (E) Θ -module structure by
But then, one can explicitly check that for all isotypic elements T x ∈ (End A (E) Θ ) x of End A (E) Θ , ξ y ∈ E y of E, and a z ∈ A z of A,
, with inverse the corresponding map
Hence, by the bounded inverse theorem, End AΘ (E Θ ) and End A (E) Θ are, indeed, G-equivariantly topologically * -isomorphic via π Θ .
Connes-Landi deformation
We now review the theory of Connes-Landi deformations, first defined by Connes and Landi for T 2 -actions on concrete commutative spectral triples [17] and then extended by Yamashita to T 2 -actions on arbitrary regular spectral triples [50] . In addition, we discuss unitary equivalences of Connes-Landi deformations, both Gequivariant and non-equivariant, in terms of the relevant second cohomology group (A, H, D) , where A is a unital * -algebra, H is a Hilbert space endowed with a faithful * -representation L : A → B(H) of A on H, and D is a densely-defined self-adjoint operator with compact resolvent on H, such that
From the standpoint of strict deformation quantisation, an essential feature of a regular spectral triple (A, H, D) is that the algebra A can be canonically completed to a Fréchet pre-C * -algebra. 
endowed with the seminorms { · k } k∈N defined by
Then A δ is Fréchet pre-C * -algebra and (A δ , H, D) defines a a regular spectral triple.
In the sequel, if (A, H, D) is a regular spectral triple, then we shall always complete A to A δ , and hence view A = A δ as a Fréchet pre-C * -algebra by Proposition 3.2.
Remark 3.3. The submultiplicative seminorms defined in Equation 3.3, first introduced by Rennie [38, p. 147] , are the submultiplicative version of those used by Yamashita [50, eq. 3] and are equivalent to the seminorms used by Connes [15, eq. 12] .
In light of Proposition 3.2, we define G-equivariant spectral triples as follows. 
Remark 3.5. Yamashita [50, §2] does not require G ∋ t → U t L(a)U * t to be smooth for all a ∈ A = A δ , but rather restricts to the smooth subalgebra of A δ . We, however, will require smoothness of the G-action on all of A = A ∞ , since our emphasis will be on G-equivariant commutative spectral triples and their ConnesLandi deformations.
Remark 3.6. In light of our earlier conventions for Fréchet G- * -algebras, if (A, H, D) is a G-equivariant spectral triple, then we consider A = A δ to be topologised as
Let (A, H, D) be a G-equivariant spectral triple, and define β : G → Aut(B(H)) by ∀t ∈ G, ∀S ∈ B(H), β t (S) := U t SU * t . Then β defines an action of G on B(H) by * -automorphisms, strongly continuous for the strong operator topology on B(H); in other words, (B(H), β) defines a
, endowed with seminorms of the form
where k ∈ N and {X 1 , . . . , X N } is any orthonormal basis for g, defines a Fréchet pre-G-C * -algebra with
Thus, we may apply the machinery of §2 to both A and B ∞ (H) simultaneously; in particular, if a ∈ A, then F x (L(a)) = L(â(x)) for all x ∈Ĝ, and hence L(a) = x∈Ĝ L(â(x)), where the series on the right-hand side is rapidly decaying in
and hence that
this, then, suggests how to deform the whole spectral triple (A, H, D) along with the algebra A. 
defines a G-equivariant spectral triple.
The key to the proof will be the following technical lemmata, which will be used repeatedly throughout the sequel.
Lemma 3.8. Let (A, H, D) be a G-equivariant spectral triple. For each x ∈Ĝ, let H x := {ξ ∈ H | ∀t ∈ G, U t ξ = e ( x, t ) ξ} and let P x denote the orthogonal projection onto H x .
(1) The Hilbert space H admits the orthogonal decomposition H = ⊕ x∈Ĝ H x .
(2) For all T ∈ B ∞ (H) and all ξ ∈ H, T ξ = x,y∈ĜT (x − y)P y ξ.
Proof. First, the orthogonal decomposition H = ⊕ x∈Ĝ H x is precisely the classical Peter-Weyl theorem applied to U :
The G-invariance of D and the G-equivariance of L, then, imply the rest.
Lemma 3.9. Let (A, H, D) be a G-equivariant spectral triple, and let Θ ∈ B(Ĝ).
is a G-equivariant isometric * -isomorphism.
Proof. The only non-trivial part of the proof is to show that π Θ :
is indeed well-defined, in the sense that π Θ (S) ∈ B ∞ (H) for any S ∈ B ∞ (H); in particular, the fact that π Θ :
is an algebraic * -isomorphism then follows from Equation 3.4 as applied to B ∞ (H).
and hence Ŝ (x)U Θ(x,·) ) x∈Ĝ ∈ S(Ĝ; B ∞ (H) if and only ifŜ ∈ S(Ĝ; B ∞ (H)). Hence,
in H by Lemma 3.8. By Lemma 3.8. (2), (4) and Lemma 3.9, it follows that for all a ∈ A and ξ ∈ H fin ,
is indeed bounded. The same argument, mutatis mutandis, also shows that
Proposition 3.7, then, motivates and justifies the following definition. 
corresponding to the chosen spin structure on T N and compatible double cover of T N .
Unitary equivalences of Connes-Landi deformations.
Let us now discuss unitary equivalences, both G-equivariant and non-equivariant, among ConnesLandi deformations. As we shall see, these considerations will directly generalise the isomorphisms of Fréchet * -algebras and unitary equivalences of spectral triples arising from the theory of strict Morita equivalences of noncommutative tori [20, 41, 42, 48] . We begin by recalling appropriate notions of unitary equivalence for spectral triples simpliciter and G-equivariant spectral triples, respectively.
Definition 3.13. Two (regular) spectral triples (A, H, D) and (
Definition 3.14. We shall say that two G-equivariant spectral triples (A, H, D) and
In this language, we can now check that a Connes-Landi deformation (A Θ , H, D) of a G-equivariant spectral triple (A, H, D) depends, up to G-equivalence, only on the cohomology class of the bicharacter Θ. Let (A, H, D) be a G-equivariant spectral triple and let Θ,
, it suffices to prove the lemma in the case where Θ ′ = 0. Thus, suppose that Θ is cohomologically trivial, so that Θ = dT for some T :Ĝ → T. As we saw in Proposition 2.31, we can use T to construct an isomorphism ψ T : A → A Θ , so that it suffices to construct a G-equivariant unitary operator Ψ T ∈ U (H) implementing ψ T and commuting with D. Now by Lemma 3.8 we can define a G-equivariant unitary operator Ψ T : H → H commuting with D by the strongly convergent sum Ψ T := s-x∈Ĝ e (−T (x)) P x . Then, for any isotypic elements a x ∈ A x and ξ y ∈ H y of A and H, respectively,
Thus, up to canonical G-equivalence, one can define (A θ , H, D) for θ ∈ H 2 (Ĝ, T) by In other words, we can parametrize the Connes-Landi deformations of (A, H, D), up to G-equivalence, by the compact Abelian Lie group H 2 (Ĝ, T). Beyond equivalence, one can also try to look at non-equivariant unitary equivalences and even Morita equivalences of Connes-Landi deformations of a fixed G-equivariant spectral triple. As has already been observed for noncommutative tori [20, 41, 42, 48] , unitary equivalences simpliciter and Morita equivalences can be studied through the lens of (densely-defined) group actions on a suitable parameter space for Connes-Landi deformations. Let us focus our attention on non-equivariant unitary equivalences induced by suitable automorphisms of G itself. Now, the action of Aut(G) on G, by cofunctoriality of Pontrjagin duality, induces a right action of Aut(G) onĜ by Aut(G) ×Ĝ ∋ (ϕ, x) →φ(x) := x • ϕ, and hence, by cofunctoriality of
where ∀Θ ∈ B(Ĝ), ∀ϕ ∈ Aut(G), ∀x, y ∈Ĝ,φ * Θ(x, y) := Θ(φ(x),φ(y)).
Let us restrict our attention to automorphisms of G that are implementable by automorphisms of (A, H, D) in the following precise sense. Definition 3.18. Let (A, H, D) be a G-equivariant spectral triple. We call ϕ ∈ Aut(G) of G implementable if there exists (ψ, Ψ) ∈ Aut(A, H, D) such that
in which case we call (ψ, Ψ) an implementation of ϕ. We denote the subgroup of all implementable automorphisms in Aut(G) by Aut(G; (A, H, D) ).
Proposition 3.19 (cf. Venselaar [49, Corollary 2]). If (A, H, D) is G-equivariant, then
where, up to G-equivalence, D ϕ := ΨDΨ * for any implementation (ψ, Ψ) of ϕ.
Proof of Theorem 3.19. Let ϕ ∈ Aut(G; (A, H, D)) and let (ψ, Ψ) be an implementation of ϕ. It suffices to show that (ψ, Ψ) defines a unitary equivalence from
In particular, since (ψ, Ψ) implements ϕ, one can check that ψ(A x ) = Aφ−1 (x) and ΨH x = Hφ−1 (x) for all x ∈Ĝ. Thus, for all isotypic elements a x ∈ A x of A and ξ y ∈ H y of H,
Thus, by very mild abuse of notation, we can say that
so that ϕ can be said to act by not-necessarily-isometric diffeomorphisms on {A θ | θ ∈ H 2 (Ĝ, T)} qua family of noncommutative manifolds. Finally, let us relate these generalities to the densely-defined SO(n, n|Z)-action on the covering space Skew(n, R) of H 2 (Z n , T) ∼ = Skew(n, R)/ Skew(n, Z), introduced by Rieffel and Schwarz [41] and studied by Elliott and Li [20] and Venselaar [48] in relation to strict Morita equivalence of smooth noncommutative n-tori.
Consider T n endowed with the trivial spin structure, i.e., with spinor bundle / S := T n × C 2 ⌊n/2⌋ and Dirac operator / D := n k=1 γ k ∇ e k , where ∇ is the trivial flat connection on / S, {e 1 , . . . , e n } is an orthonormal basis for R n = Lie(T n ), and {γ 1 , . . . , γ n } are the corresponding skew-adjoint gamma matrices in M 2 ⌊n/2⌋ (C), so that(
is T n -equivariant for the translation action of T n on itself. We can, therefore, consider the corresponding family of noncommutative n-
Under the identification H 2 (Z n , T) ∼ = Hom(∧ 2 Z n , T) ∼ = Skew(n, R)/ Skew(n, Z), then, one can check thatφ * θ = ϕθϕ T for all ϕ ∈ GL(n, Z) ∼ = Aut(T n ) and θ ∈ Skew(n, R)/ Skew(n, Z) ∼ = H 2 (Z n , T). Let us now recall Rieffel and Schwarz's construction of a densely-defined action of the group SO(n, n|Z) on the covering space Skew(n, R) of H 2 (Z n , T) [41] . Recall that SO(n, n|Z) can be described as the subgroup of all g ∈ SL(2n, Z) of the form
where A, B, C, and D ∈ M n (Z) satisfy
Then, on a certain dense subset T 0 n of Skew(n, R) of second category, one can define
It has been proved by Elliott and Li at the level of Fréchet pre-C * -algebras [20] and by Venselaar at the level of spectral triples [48] that for any θ, θ ′ ∈ T 0 n , the noncommutative n-tori C ∞ (T n ) θ and C ∞ (T n ) θ ′ are strictly Morita equivalent if and only if θ ′ = g · θ for some g ∈ SO(n, n|Z). At last, let us turn to the unitary equivalences generated by the SO(n, n|Z) action. One can show [41, Lemma on p. 292] that SO(n, n|Z) is generated by a certain element σ 2 ∈ SO(n, n|Z) together with {ρ(R)|R ∈ GL(n, Z)} and {ν(N )|N ∈ Skew(n, bZ)}, where
One can then show that the subgroup generated by {ρ(R)|R ∈ GL(n, Z)} and {ν(N )|N ∈ Skew(n, Z)} yields precisely the isomorphisms of Fréchet * -algebras [18, Theorem 13; 20, Remark 5.8] and the unitary equivalences of spectral triples [49, Corollary 2] among the strict Morita equivalences. But now, for all θ ∈ Skew(n, R), all R ∈ GL(n, Z) ∼ = Aut(T n ), and all n ∈ Skew(n, Z),
and hence, at the level of
so that the action of GL(n, Z) ≤ SO(n, n|Z) on Skew(n, R) descends to the action of
, whilst the action of Skew(n, Z) ≤ SO(n, n|Z) on Skew(n, R) descends to a trivial action on H 2 (Z n , T). And indeed, one can check that the unitary equivalences effecting the action of GL(n, Z) ≤ SO(n, n|Z) are precisely the unitary equivalences of Proposition 3.19, whilst the unitary equivalences effecting the action of Skew(n, Z) ≤ SO(n, n|Z) are precisely the G-equivalences of Proposition 3.15, so that non-trivial (viz, non-equivariant) unitary equivalences arising from the SO(n, n|Z) action on T 0 n are precisely the unitary equivalences induced by the action of Aut(T n ) on H 2 (Z n , T). It remains to be seen, however, if the generator σ 2 of non-trivial Morita equivalences, or some replacement thereof, admits a satisfactory interpretation in terms of a densely-defined action on H 2 (Z n , T) itself.
3.3.
A discrete splitting homomorphism. Connes and Dubois-Violette have given an alternative construction for Connes-Landi deformations in terms of the so-called splitting homomorphism [16, Theorem 6] , which is a canonical topological * -isomorphism
for X a compact T N -manifold and θ ∈ H 2 (Z N , T). We now construct a discrete analogue of Connes and Dubois-Violette's construction in terms of a fixed point algebra involving a certain necessarily simple Fréchet pre-C * -algebra and certain discrete group, both canonically associated to the cohomology class θ, which can also be viewed as generalising to non-ergodic G-actions on spectral triples a result of Olesen, Pedersen, and Takesaki for faithful ergodic W * -and C * -dynamical systems [36, Theorems 5.12, 6.3] . This discrete splitting homomorphism will prove essential to understanding Connes-Landi deformation by rational θ, viz, θ such that the associated discrete group is finite.
Let us begin by recalling the necessary and sufficient condition on θ ∈ H 2 (Ĝ, T) for C ∞ (G) θ to be simple. 
Now, let θ ∈ H
2 (Ĝ, T). Although θ need not be nondegenerate, we can still canonically extract nondegenerate class θ nd in H 2 (Ĝ/S θ , T), thereby yielding the simple algebra S(Ĝ/S θ , θ nd ) that we shall use to construct our discrete "splitting homomorphism." Definition 3.25. Let θ ∈ H 2 (Ĝ, T). We define the nondegenerate domain of θ to be the quotient Γ θ :=Ĝ/S θ and nondegenerate part of θ to be the unique nondegenerate class θ nd ∈ H 2 (Γ θ , T) such that
Remark 3.26. The class θ nd is unique and well-defined by definition of S θ and by surjectivity of the homomorphism ι :
Remark 3.27. It follows from the definition that θ ∈ H 2 (Γ θ , T) is nondegenerate if and only if θ = θ nd in
Moreover, any representative of the nondegenerate part θ nd of a class θ necessarily pulls back to a representative of θ. Proof. This follows immediately from the observation that
. At last, observe that since Γ θ :=Ĝ/S θ is finitely-generated discrete Abelian, S(Γ θ , Θ nd ) is a nuclear Fréchet pre-C * -algebra, so that if S(Γ θ , Θ nd ) is endowed with the trivial G-action, then for any Fréchet pre-G-C * -algebra A, A⊗S(Γ θ , Θ nd ) defines a Fréchet pre-G-C * -algebra with the G-action induced by the G-action on A and the seminorms ∀j, k, l ∈ N, ∀w ∈ A ⊗ S(Γ θ , Θ nd ),
Indeed, since G acts trivially on S(Γ θ , Θ nd ), this family of seminorms is already complete under the construction of Definition 2.10. Hence, we can finally construct our discrete analogue of Connes and Dubois-Violette's splitting homomorphism as follows. Let (A, H, D) be a G-equivariant spectral triple. Let θ ∈Ĝ, let Θ nd ∈ B(Γ θ ) be a representative of θ nd ∈ H 2 (Γ θ , T), and let Θ := p θ Θ nd ∈ θ. Endow S(Γ θ , Θ nd ) and L 2 (Γ θ ) with trivial G-actions and the Γ θ action
of S(Γ θ , Θ nd ), which is Γ θ -equivariant by construction. Finally let Then the maps ψ Θ :
together define a G-equivalence Proof. We will check in detail that ψ Θ :
is a topological * -isomorphism; the rest then follows mutatis mutandis. Before continuing, observe
so that ψ Θ (a) is absolutely convergent in A⊗S(Γ θ , Θ nd ); indeed, the same computation also shows that ψ Θ : A → A⊗S(Γ θ , Θ nd ) is continuous. One can then readily check that ψ Θ is linear, injective, and G-equivariant. Moreover, it defines a * -homomorphism since for all isotypic elements a x ∈ A x , b y ∈ A y of A,
for every [x] ∈ Γ θ and every isotypic element a y ∈ A y of A. Finally, let us show that
. By construction of ψ Θ , it therefore suffices to show that [x]∈Γ θ w [x] converges in A. Now, by Fourier analysis on the Fréchet G- * -algebra A⊗S(Γ θ , Θ nd ), we find thatŵ(
for all x ∈Ĝ, so that for all j, k ∈ N,
is finite, and hence
is absolutely convergent. Since ψ Θ is continuous and bijective, the bounded inverse theorem implies that it is, indeed, bicontinuous.
In short, if (A, H, D) is a G-equivariant spectral triple and θ ∈ H 2 (Ĝ, T), then we have a G-equivalence of (A θ , H, D) with the noncommutative balanced Cartesian product
. As we shall later see, this realisation becomes particularly significant when (A, H, D) is commutative and Γ θ is finite, for if the action of Γ θ on A ∼ = C ∞ (X) yields a proper action on X, then (A θ , H, D) is almost-commutative.
Deformations of commutative spectral triples
At last, we turn to our main goal, the statement and proof of an extension of Connes's reconstruction theorem [15] to Connes-Landi deformations of G-equivariant commutative spectral triples, which we then elaborate on in two key special cases: deformations along ergodic G-actions and rational deformations.
4.1.
A reconstruction theorem. Let us begin by reviewing Connes's definition of commutative spectral triple and the statement of his reconstruction theorem, the partial analogue of the Gel'fand-Naȋmark theorem concerning commutative C * -algebras for spectral triples. First, recall that a Dirac-type operator on a compact oriented Riemannian manifold (X, g) is a first order partial differential operator D on a Hermitian vector
∂ ∂x j +lower order terms in local coordinates. In particular, if X is a compact oriented Riemannian manifold, D is a symmetric Diractype operator on a Hermitian vector bundle E → X, then (C ∞ (X), L 2 (X, E), D) defines a regular spectral triple with commutative algebra. One can check that every such spectral triple satisfies the following abstract definition.
Definition 4.1 (Connes [14, 15] ). Let (A, H, D) be a regular spectral triple and let p ∈ N. One calls (A, H, D) a p-dimensional commutative spectral triple if the following conditions all hold:
(1) Dimension: The eigenvalues {λ n } n∈N of (D 2 + 1) −1/2 , counted with multiplicity and arranged in decreasing order, satisfy
and call c ∈ A
There exists an antisymmetric c ∈ A
(4) Finiteness and absolute continuity: As an A-module,
is finitely generated and projective, and admits a Hermitian metric ( · , · ), satisfying
where
Remark 4.2. The orientability condition given above is a weakening of Connes's own condition, first proposed by the author [10, 11] to allow for Dirac-type operators more general than twisted spin C Dirac operators on spin C manifolds.
Connes's reconstruction theorem, then, is the statement that every commutative spectral triple, up to unitary equivalence, arises from a symmetric Dirac-type operator. 
where D is identified with a symmetric Dirac-type operator on E. Let us now give our proposed abstract definition for the Connes-Landi deformation of a G-equivariant commutative spectral triple by a fixed cohomology class θ ∈ H 2 (Ĝ, T).
Definition 4.5 (cf. Connes [14, 15] ). Let (A, H, D) be a G-equivariant regular spectral triple, let θ ∈ H 2 (Ĝ, T), and let p ∈ N. We shall call (A, H, D) a pdimensional θ-commutative spectral triple if the following conditions all hold:
for isotypic elements a 0 ∈ A x0 , . . . , a p ∈ A xp of A, and say that c ∈ A
There exists a G-invariant θ-antisymmetric c ∈ A
(4) Finiteness and absolute continuity: The subspace
Remark 4.6. By regularity, H ∞ is necessarily a left A-module, and hence, by the proof of Proposition 3.7, invariant under R(A) as well, so that the finiteness, absolute continuity, and strong regularity conditions are well-posed.
Remark 4.7. The cohomology class θ completely governs the noncommutativity of a θ-commutative spectral triple. In particular, a 0-commutative spectral triple is precisely a G-equivariant commutative spectral triple, which, by Connes's reconstruction theorem, can therefore be identified with the spectral triple of a G-invariant symmetric Dirac-type operator on a compact oriented Riemannian G-manifold.
Remark 4.8. By θ-commutativity of A, the standard proof that an antisymmetric Hochschild p-chain for a commutative algebra yields a Hochschild p-cycle [24, Proposition 8.10], mutatis mutandis, shows that θ-antisymmetric Hochschild p-chain c ∈ A ⊗(p+1) necessarily defines a Hochschild p-cycle for A.
Our main technical result is the following theorem, which simultaneously guarantees that our abstract definition describes Connes-Landi deformations of Gequivariant commutative spectral triples, and facilitates the extension of Connes's reconstruction theorem to θ-commutative spectral triples; we defer its proof to §5. (A, H, D) is a p-dimensional θ-commutative spectral triple. Then, by Theorem 4.9, (A −θ , H, D) is now a p-dimensional 0-commutative spectral triple, i.e., a G-equivariant p-dimensional commutative spectral triple. Hence, we may apply Connes's reconstruction theorem for commutative spectral triples to yield the desired extension thereof to Connes-Landi deformations of commutative spectral triples. 
Now, suppose that
Deformations along ergodic G-actions.
Let us now discuss the structure of θ-commutative spectral triples in the case that G acts faithfully and ergodically.
In particular, we will show that the spectral triples constructed by Gabriel and Grensing [23] for unital C * -algebras endowed with the faithful ergodic action of a compact Lie group G are, when G is Abelian, Connes-Landi deformations of commutative spectral triples defined by translation-invariant twisted spin Dirac operators on G. Let us first fix terminology.
It is a remarkable fact, well-known in the literature on W * -and C * -dynamical systems, that a Fréchet pre-G-C * -algebra (for simplicity) with faithful ergodic Gaction is necessarily the strict deformations quantisation of 
Sketch of proof. Since the action is ergodic, each isotypic subspace A x of A is 1-dimensional and spanned by a unitary U x [46, Lemma 2.1]. Hence, one is forced to define θ ∈ H 2 (Ĝ, T) by ι (θ)(x, y) := U x U y U * x U * y ∈ A 0 = C for x, y ∈Ĝ. Thus, if (A, H, D) is a G-equivariant spectral triple such that G acts faithfully and ergodically on A, then it is either θ[A]-commutative or not θ-commutative for any θ ∈ H 2 (Ĝ, T). In particular, if it is θ[A]-commutative, then still more is true. , and there exists a translation-equivariant Hermitian vector bundle E → G such that
where, by abuse of notation, D on the right-hand side denotes a translation-invariant symmetric Dirac-type operator on E.
Now, recall that if G, in general, is a compact Lie group acting faithfully and ergodically on a unital C * -algebra A, then there is a standard procedure for constructing G-equivariant spectral triples with algebra the smooth subalgebra A ∞ of A. Theorem 4.15 Theorem 5.4] , cf. Rieffel [40, §4] ). Let G be a compact Lie group, which need not be Abelian, let (A, α) be a unital G-C * -algebra such that α is faithful and ergodic (i.e., A G = C), and let τ : A → C be the unique G-invariant trace. Let
let (H, U ) be a covariant * -representation of (A, α), such that η) ) for all ξ, η ∈ H. Let {X 1 , . . . , X N } be an orthonormal basis for g := Lie(G), and let c : Cl(g) → B(/ S(g)) be the spinor representation of the Clifford algebra Cl(g) of g, with the convention that
In the case that G is Abelian, one can apply Theorem 4.11 and our discussion of ergodic actions to characterise such spectral triples. 
where / S := G × / S(g) → G is the spinor bundle and / D is the spin Dirac operator corresponding to the trivial spin structure on G,
Proof. Let us first show that
S(g)) and smooth core H ⊗ / S(g), so let us check the six conditions in turn. 
so that the order one condition is satisfied.
Next, by construction of D A,H in terms of partial differentiation along the Gaction on H, the standard construction of the orientation cycle on noncommutative tori [24, Lemmata 12. 
Hence, both finiteness and absolute continuity are satisfied. Finally, since H ι(θ[A]) ⊗ / S(g) is a Hermitian f.g.p. G-A-module and since D A,H is defined in terms of partial differentiation along the G-action on H, it follows that the Fréchet pre-G-C * -algebra
lies in the smooth domain of the derivation ad|D A,H |, so that strong regularity is satisfied. 
a finite-dimensional unitary representation of G, for any G-equivariant vector bundle over G is necessarily trivialised by the G-action. As a result,
for / S := G× / S(g) → G the globally trivial spinor bundle corresponding to the trivial spin structure on G. It then follows immediately from the construction of D A,H in Theorem 4.15 that D A,H acts on
D the spin Dirac operator on / S corresponding to the trivial spin structure on G.
Rational deformations.
We now apply the discrete splitting homomorphism of Theorem 3.29 to study θ-commutative spectral triples that are rational in the following precise sense, which, as we shall see, generalises the condition θ ∈ Q/Z for θ ∈ H 2 (Z 2 , T) ∼ = T; in particular, under a natural additional assumption, we show that such θ-commutative spectral triples are, in fact, almost-commutative, in the general, topologically non-trivial sense that has been proposed by the author [10, 11] .
Example 4.18. If θ ∈ H 2 (Z 2 , T) ∼ = T, then θ qua cohomology class is rational if and only if θ ∈ Q/Z. Indeed, ι (θ)(x, y) = θ(x 1 y 2 − x 2 y 1 ) for all x, y ∈ Z 2 , so that
is not only simple but finite-dimensional. Wedderburn's theorem, then, immediately implies the following. 
Remark 4.20. In fact, Olesen, Pedersen, and Takesaki show [36, Theorem 5.9 ] that if Γ is a finite Abelian group admitting a nondegenerate θ ∈ H 2 (Γ, T), then Γ ∼ = F ×F for F an Abelian group of order q = |Γ|, and hence S(Γ, θ) = C[Γ, θ] is Γ-equivariantly * -isomorphic to M q (C) = B(L 2 (F )) endowed with the Weyl action Ad λ × Adλ, where λ denotes the translation action of F on L 2 (F ) andλ denotes the action ofF by multiplication operators on L 2 (F ).
is identically the Gel'fandNaȋmark-Segal representation of S(Γ θ , θ nd ) corresponding to the canonical faithful
, where M q θ (C) is * -represented by left multiplication on M q θ (C) endowed with the Frobenius inner product. In order to efficiently identify (and hence replace) the spectral triple
, let us recall the connection between representations of twisted group algebras and projective representations, if only for finite Abelian groups. In particular, if {0} and H are the only closed subspaces of H invariant under {V x | x ∈ Γ}, then we call V : Γ → U (H) irreducible.
If Γ is finite Abelian and Θ ∈ B(Γ) is nondegenerate, then the following lemma simultaneously characterises irreducible Θ-projective unitary representations of Γ and * -isomorphisms of the form S(Γ,
Lemma 4.23. Let Γ be a finite Abelian group admitting Θ ∈ B(Γ) nondegenerate. Then, up to unitary conjugacy, there exists a unique irreducible Θ-projective representation of Γ, which is of the form V : Γ → U (q) for q := |Γ|, and which, up to unitary conjugacy, induces the unique * -isomorphism W : S(Γ, Θ)
Proof. Since Γ is finite and Θ is nondegenerate, S(Γ, Θ) is a finite-dimensional simple C * -algebra, so that there exists a * -isomorphism W : S(Γ, Θ) ∼ → M q (C) for some q ∈ N, which therefore satisfies q 2 = |Γ|; since any * -automorphism of M q (C) is conjugation by a unitary, W is unique up to conjugacy. The rest follows from observing that the datum of a * -representation
for all x ∈ Γ. Now, recall that a finite spectral triple is a spectral triple with finite-dimensional * -algebra and Hilbert space. We can now use Lemma 4.23 to efficiently identify (and hence replace) the Γ θ -equivariant finite spectral triple . Let Γ be a finite Abelian group, let θ ∈ H 2 (Γ, T) be nondegenerate, let Θ ∈ B(Γ) be a representative of θ, and let V : Γ → U (q) be an irreducible Θ-projective unitary representation, where, necessarily, q = |Γ| ∈ N. We define the associated fibre to be the Γ-equivariant finite spectral triple (M q (C), M q (C), 0), where the M q (C) qua C * -algebra acts by left multiplication on M q (C) qua Hilbert space, endowed with the Frobenius inner product, and where M q (C), in either capacity, is endowed with the Γ-action defined by
, where X is a compact oriented Riemannian G-manifold, E → X is a G-equivariant Hermitian vector bundle, and D (by abuse of notation) is a G-invariant symmetric Dirac-type operator on E. Let Θ nd ∈ B(Γ θ ) be a representative of θ nd ∈ H 2 (Γ θ , T), let Θ ∈ B(Ĝ) be the pullback of Θ nd to a representative of θ, let V : Γ θ → U (q θ ) be an irreducible Θ nd -projective unitary representation, and let
2 (Γ θ ), 0) be the associated fibre. Then the discrete splitting homomorphism of Theorem 3.29 can be immediately reinterpreted as giving a G-equivalence
Since a Cartesian almost-commutative spectral triple is the suitably-defined noncommutative Cartesian product of a commutative spectral triple with a finite spectral triple, this implies that if the action of Γ θ on X is proper, then the spectral triple
will define a topologically nontrivial almost-commutative spectral triple over the quotient manifold X/Γ θ . To make this precise, let us recall some definitions. Definition 4.25. Let X be a compact oriented Riemannian manifold. A selfadjoint Clifford module on X is a Hermitian vector bundle E → X together with a bundle morphism c : T * X → End(E), the Clifford action, satisfying
If E → X is a self-adjoint Clifford module, then we call a symmetric Dirac-type . Let X be a smooth manifold. We define an algebra bundle on X to be a locally trivial bundle of finite-dimensional C * -algebras on X. If A → X is an algebra bundle, we define an A-module to be a Hermitian vector bundle E → X together with a monomorphism L : A → End(E) of locally trivial bundles of finite-dimensional C * -algebras on X; in particular, we define a Clifford A-module to be a self-adjoint Clifford module E → X together with a monomorphism L : A → End(E) of locally trivial bundles of finite-dimensional C * -algebras on X, such that 
, where X is a compact oriented Riemannian manifold, called the base, A → X is an algebra bundle, E → X is a Clifford A-module, and D is a compatible symmetric Dirac-type operator on E.
At last, we can give our identification of rational θ-commutative spectral triples as almost-commutative spectral triples. . Let X be a compact oriented Riemannian G-manifold and let D be a G-invariant symmetric Dirac-type operator on a G-equivariant Hermitian vector bundle E → X. Let θ ∈Ĝ be rational, and suppose that the induced action of Γ θ on X is proper. Let Θ nd ∈ B(Γ θ ) be a representative of θ nd ∈ H 2 (Γ θ , T), let Θ ∈ B(Ĝ) be the pullback of Θ nd to a representative of θ, let V : Γ θ → U (q θ ) be an irreducible Θ nd -projective unitary representation, and let (M q θ (C), M q θ (C), 0) be the associated fibre. Let
qua Hilbert space, so that A Θ → X/Γ θ defines an algebra bundle and F Θ → X/Γ θ defines a Hermitian A Θ -module. Let π : X → X/Γ θ denote the quotient map, let π * E → X/Γ θ be the pushforward of E → X to a G-equivariant Hermitian vector bundle on X/Γ θ , let π * D denote the pushforward of D to a G-invariant symmetric Dirac-type operator on π * E, and let π * D ⊗ d id be the twisting of π * D by the trivial flat connection d on F θ . Then the maps
is almost-commutative with base X/Γ θ .
Remark 4.29. This special case of the discrete splitting homomorphism can be viewed as the direct generalisation to θ-commutative spectral triples with notnecessarily-ergodic G-actions of results of Olesen, Pedersen, and Takesaki for faithful ergodic W * -and C * -dynamical systems [36, Theorems 5.14, 6.3] . This also completely generalises Høegh-Krohn and Skjelbred's characterisation of rational noncommutative 2-tori [25] , which we discuss below.
Proof. Given our earlier discussion, it suffices to observe that π * E ⊗ F Θ is the precisely the pushforward to X/Γ θ of E ⊗ (X × M q θ (C)), and hence that
We have just seen that under the hypotheses of the last theorem, a rational θ-commutative spectral triple (C ∞ (X) Θ , L 2 (X, E), D) can be viewed as the Cartesian product of the commutative spectral triple (C ∞ (X/Γ θ ), L 2 (X/Γ θ , π * E), π * D) and the finite spectral triple (M q θ (C), M q θ (C), 0) twisted by the principal Γ θ -bundle X → X/Γ θ endowed with the trivial flat connection [10, Lemma 2.5]. Hence, Boeijink and Van den Dungen's detailed analysis [6] of topologically non-trivial almost-commutative spectral triples of such a form immediately yields the following KK-theoretic interpretation. 
In particular, we obtain a morphism
of spectral triples in Mesland's KK-theoretic category of spectral triples [35] .
Let us illustrate Theorem 4.28 by applying it to the canonical example of the rational noncommutative 2-torus.
satisfies the hypotheses of Theorem 4.28, so that
This, then, is an immediate corollary of the Theorem 4.28 together with the following non-perturbative qualitative result concerning the spectral action. . Let Γ be a finite group, let M be a compact oriented Riemannian manifold endowed with a free orientationpreserving isometric action of Γ, letẼ → M be a Γ-equivariant Hermitian vector bundle, and letD be a Γ-invariant symmetric Dirac-type operator on E. Let M := M /Γ, let E → M denote the pushforward ofẼ to a Hermitian vector bundle on M , and let D denote the pushforward ofD to a symmetric Dirac-type operator on
the Laplace transform of a rapidly-decreasing function ϕ on [0, +∞). Then for Λ > 0,
is a rational θ-commutative spectral triple such that Γ θ acts properly on X, then
endowed with a suitably deformed G-invariant real structure and the (asymptotic) spectral action, can be interpreted as defining a topologically non-trivial Yang-Mills theory with gauge group P SU (q θ ) in the sense of Boeijink and Van Suijlekom [7] .
Proof of Theorem 4.9
We conclude by giving the promised proof of Theorem 4.9. Let (A, H, D) be a p-dimensional θ 0 -commutative spectral triple and let θ ∈ H 2 (Ĝ, T); fix a representative Θ ∈ B(Ĝ) of θ. The claim, then, is that (A Θ , H, D) defines a p-dimensional (θ 0 + θ)-commutative spectral triple.
By Proposition 3.7, we certainly know that (A Θ , H, D) defines a G-equivariant spectral triple; in particular, since the operator D is untouched, the deformed spectral triple (A Θ , H, D) trivially satisfies the same dimension condition as (A, H, D) . Thus, it remains to show that (A Θ , H, D) satisfies the order zero, order one, orientability, finiteness and absolute continuity, and strong regularity conditions for a (θ 0 + θ)-commutative spectral triple. As a notational convenience, let L Θ := π Θ • L : A Θ → B(H) denote the left * -representation of A Θ on H underpinning the deformed spectral triple (A Θ , H, D).
5.1.
Order zero; order one. Let us begin with the order zero and order one conditions. Let us first check that the algebra A Θ is (θ 0 + θ)-commutative. Let a x ∈ A x , b y ∈ A y be isotypic elements of A. Then b y ⋆ Θ a x = e (Θ(y, x)) b y a x = e (Θ(y, x)) e (ι (θ 0 )(x, y)) a x b y = e (Θ(y, x)) e (ι (θ 0 )(x, y)) e (−Θ(x, y)) a x ⋆ Θ b y = e (ι (θ 0 + θ)(x, y)) a x ⋆ Θ b y , as required.
Let us now check the rest of the order zero condition, together with the order one condition. On the one hand, since A Θ is (θ 0 +θ) commutative, for any representative Θ 0 of θ 0 , the algebra A −Θ0 is commutative, so that by Proposition 2. 
Thus, for any isotypic elements a x ∈ A x and b y ∈ A y of A, since [L(a x ), R(b y )] = 0, The key to doing so will be the following lemma. Let us now show that π D = π Θ,D • Θ * on (A ⊗(p+1) ) G . Again, without loss of generality, let s := a 0 ⊗ a 1 ⊗ · · · ⊗ a p for a 0 ∈ A x0 , . . . , a p ∈ A xp isotypic elements in A with x 0 + x 1 + · · · + x p = 0, since finite linear combinations of tensors of this form are dense in (A ⊗(p+1) ) G . Then, since s is G-invariant, so too is π D (s), and hence, indeed, 5.3. Finiteness and absolute continuity. Let us now turn to finiteness and absolute continuity; since A Θ ′ is a Fréchet pre-G-C * -algebra for all Θ ′ by Proposition 3.7, the technical assumption on A of § 2.4 is satisfied. By finiteness and absolute continuity of (A, H, D), we know that H ∞ := ∩ k Dom|D| k defines a right Hermitian f.g.p G-A-module. By Proposition 2.42, then, to show that (A Θ , H, D) satisfies finiteness, it suffices to show that H ∞ endowed with the right * -representation
of A Θ can be identified with the deformation (H ∞ ) Θ of H ∞ qua Hermitian f.g.p.
G-A-module. To do so, however, we need to know that the usual Fréchet topology on H ∞ qua smooth domain of D, viz, the Fréchet topology defined by the Sobolev seminorms ∀k ∈ N, ∀ξ ∈ H ∞ , ξ k := |D| k ξ = ξ, D 2k ξ , coincides with the Fréchet topology on H ∞ qua f.g.p. G-A-module, viz, the Fréchet topology induced by any inclusion of H ∞ as a complementable subspace of A N for some N ∈ N. To do so, it suffices to show that Proposition 2.41 applies to H ∞ qua smooth domain of D, which is therefore, in particular, a Hermitian Fréchet G-A-module. 
